The rigidity of the smallest unknown π-space  by Delandtsheer, Anne
Discrete Mathematics 47 (1983) 203210 
North-Holland 
203 
THE RIGIDITY OF THE SMALLEST UNKNOWN wSPACE 
Anne DELANDTSHEER 
Universit6 Libre de Bruxelles. Campus Plane, C.P. 210, Bouleuard du Triomphe, B- 1050 
BruxeIles, Belgium 
Received 15 December 1982 
A T-space is a planar space all of whose planes are isomorphic to a given linear space ‘TT. 
Examples are given by projective and afline spaces. The smallest linear space m having lines of 
different sixes for which the existence of a m-space is still unsolved has 7 points and the 
corresponding r-space would be a regular space of 47 points. We prove that such a p-space is 
rigid, i.e. has no other automorphism than the identity. 
A linear space is a set of elements called points together with a family of subsets 
called lines, such that every pair of points is in exactly one line, each line 
containing at least two points. A subspace of a linear space L is a subset L’ such 
that any line of L having at least two points in L’ is contained in L’. A planar 
space is a linear space provided with a family of distinguished subspaces called 
planes, such that every triple of non-collinear points is in exactly one plane, each 
plane containing at least three non-collinear points. 
A v-space is a planar space all of whose planes are isomorphic to a given linear 
space n. This notion was introduced by Buekenhout and Deherder [2] and studied 
by Brouwer [l] and Leonard [4]. w-spaces are always assumed to contain at least 
two planes (otherwise they are called tit&d). A n-space having a finite number of 
points is said to be finite. 
The planar spaces consisting of 2k points lying on two disjoint lines of k points, 
all other lines having two points, are at present the only known examples of 
non-trivial finite v-spaces having lines of different sixes (note that their planes are 
degenerate projective planes). In [3], some rather restrictive relations on the 
parameters of such spaces are given. The smallest linear space for which the 
existence of a non-trivial finite w-space with different line sixes is unsettled is the 
linear space rrl given by Fig. 1 (the lines of size 2 are not represented). 
We shall say that a point x of rrl is of degree 1,2 or 3 according as it belongs to 
exactly 1, 2 or 3 lines of 3 points. The unique point of degree 3 in gl will be 
called the top of ml. Two points x and y will be called adjacent (resp. ndn- 
udjucent) if the line (x, y) has size 3 (resp. 2). 
We have shown in [3] that a non-trivial finite ml-space S has necessarily 47 
points and that every point is on exactly 12 (resp. 22) lines of size 3 (resp. 2) and 
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Fig. 1. TV. 
is the top of exactly 11 planes. Moreover the arrangement of the 9 planes 
containing a line of size 2 is independent from the choice of this line. More 
precisely, if x and y are two non adjacent points of S, then the set of all points 
which are not adjacent to x or y is partitioned into 3 pairs of points collinear with 
x, generating with y a plane in which y is of degree 2 and x of degree 1; 3 pairs of 
points collinear with y, generating with x a plane in which x is of degree 2 and y 
of degree 1; 3 points which are each the top of the plane that they generate with x 
and y. 
Themem. If S is a non-trivial finite n,-space, then S is rigid, i.e. has no other 
automorphism than the identity. 
Hence the construction of a non-trivial xl-space (if there exists one) 
probably not be so easy. 
In what follows, a line or a plane which is invariant by a permutation <y 
to be fixed by (Y iff each of its points is fixed by ac. 
would 
is said 
2. Proof 
If S has an automorphism a! distinct from the identity, (Y generates a cyclic 
group of order O(a) divisible by a prime number p, and so by the theorem of 
Sylow-Cauchy, there is an element of order p in Aut(S). Therefore it suffices to 
prove that, for every prime number p, S has no automorphism of order p. 
Suppose on the contrary that there is such an automorphism cy. The set F of its 
fixed points is a linear subspace of S. Moreover, if F contains three non-collinear 
points, the plane ?r generated by these three points is invariant under a and ar 
induces in this plane an automorphism fixing at least three non-collinear points. 
But the only automorphism of vl fixing three non-collinear points is the identity. 
This proves that F is a ml-space contained in S. Therefore, since a non-&al 
q-space has exactly 47 points, F is either a plane or S itself. 
We conclude that the set F of fixed points of at is the empty set, a single point, 
a line or a plane. 
- If F is empty, then a! is a cycle of length 47. 
- If F consists of a single point, the 46 remaining points of S are on 2 cycles of 
length 23, or on 23 cycles of length 2 of cy. 
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- If F is a line of two points, the 45 remaining points are on 9 cycles of length 
5, or on 15 cycles of length 3 of cy 
- If F is a line of three points, the 44 remaining points are on 4 cycles of length 
11, or on 22 cycles of length 2 of a! 
- If F is a plane, the 40 remaining points are on 8 cycles of length 5, or on 20 
cycles of length 2 of (II. 
We will successively rule out each of these possibilities. 
1. Suppose QL is a cycle of length 47 
We may identify the points of S with the elements Z&, so that (Y corresponds to 
the permutation x * x + 1 (mod 47). Every line of S being the image of a line 
passing through 0 by some power of cy, let us consider more closely the lines 
through 0. 
The line (0, a, b} determines three pairs of opposite elements of &,, namely 
*a, *(b - a), *b, which we shall call the distances between the points of this line. 
These three distances are non zero and pairwise distinct. Indeed if two distances 
were equal, the image of the line (0, a, b} by some power of CY would be of the 
form (0, x, 2x) (xf 0) and its image by ax would be (x, 2x, 3x). Since each of 
these two lines contains the points x and 2x, they must coincide, and so’ 0 = 3x 
(x # 0), which is impossible ‘in &. 
It follows that if (0, a, b} is a line, its images by Q-~ and aFb, namely 
(-a, 0, b - a} and l--b, a - b, 0}, are two other lines containing 0. But there must 
be 12 lines of 3 points through 0, that is 4 ‘well chosen’ lines (0, q, bi) and their 
images by the various powers of CY. Moreover all the distances defined by these 4 
lines must be distinct. Therefore, to the set of lines of size 3, are associated 12 of 
the 23 possible distances between the points of S. 
We will now show that if d is a distance between two adjacent points, then 2d 
is not a distance between two adjacent points. In order to do this, consider the 
plane generated by the lines (0, a, b) and {-b, -b + a, 0). It contains also the line 
1-b + a, -b + 2a, a} and has to be isomorphic to ml. In particular, (yb, -b + 2a}, 
{-b, b} and {b, -b + 2a) must be lines, and so *2a, *2b and *2(b - a) must be 
distances between non-adjacent points. 
But in the multiplicative group of Z&, the multiplication by 2 is a ftxed point 
free permutation of order 23. One of its cycles of length 23 contains the powers of 
2, the other contains their opposites. Distances being defined up to sign, they are 
represented by the elements of one of these cycles. Thus the distances associated 
with the lines of size 3 are 12 of the 23 elements of this cycle and must, by the 
preceding statement, be arranged so that two of them are never consecutive, 
which is impossible. 
Remark. A similar argument can be used to prove that no line of size 3 is 
contained in a cycle of length 11 (this result will be used,later). Indeed, suppose 
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that a cycle C of length 11 contains a line L of size 3. We may identify the points 
of C with the elements of Zll. Remember that if d is a distance between two 
points of L, then 2d is not such a distance. Therefore, among the 5 distances 
between the points of C, there are 3 distances such that none is twice another, 
which is impossible. 
2. Suppose that (Y has 2 cycles of length 23 
The fixed point x is on exactly 22 lines of two points, but the 23 distinct images 
of such a line by the various powers of a are all lines of size 2 containing x, a 
contradiction. 
3. Suppose that a! has 4 cycles of length 11 
Let us denote the three collinear fixed points of (Y by a, b, c and the 4 cycles of 
length 11 by 
A = {ai 1 i E&I), B ={bi 1 i ELII}, 
C=-k+ I i~&L D={4 1 iEhIl} 
where a(q) = &+I, a(bi) = bi+l, Q(G) = c+~, cu(d) = d,+I for every i EHI1. 
3.1. We first show that the 12 lines of size 3 through a (resp. b, c) are (a, b, c} and 
the 11 images of {a, a,, do} (req. {b, bo, do}, {c, co, do}) by the various powers of CY. 
A line of 3 points not invariant by a! and containing one of the fixed points of cy, 
must have its points in distinct cycles of length 11, otherwise some pair of points 
would be in two distinct lines (because 11 is odd). Since there are only 4 cycles of 
length 11, there are necessarily two lines of 3 points intersecting in a point do of 
one of the cycles of length 11; moreover, each of these two lines contains one of 
the three fixed points (we may assume without loss of generality that a and c are 
these fixed points). Thus (a, do) = {a, do, x} and (c, do) = {c, do, y}. Suppose that the 
points x and y belong to the same cycle and consider the plane (do, a, c). The 
lines (a, y) and (c, x) are contained in this plane and are respectively the images of 
(a, x) and (c, y) by some powers of (Y. Thus, in this plane, each of the points a and 
c is on 3 lines of size 3, which is a contradiction. Therefore x and y belong to two 
distinct cycles, different from D. Let us now denote x and y by a0 and co 
respectively. The 12 lines of 3 points containing a (resp. c) are {a, b, c} and the 11 
images of {a, ao, do} (resp. {c, co, do}) by the various powers of a. Thus the lines 
(a, co) and (c, ao) are of size 2. Since every plane is isomorphic to ml, (b, do) is a 
line of size 3 and we may call its third point bo. Indeed this point obviously does 
not belong to D and if it belongs to A or C, we would show as before that the 
plane (a, b, do) contains two points on 3 lines of size 3. This proves the announced 
result. 
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3.2. There is a line containing one point of D and two points of one of the cycles 
A, B, C. 
The preceding argument shows that a fixed point cannot be the top of a plane 
containing the line {a, b, c}. Therefore, a is the top of 11 planes not containing 
{a, b, c}. These planes are the images of a plane containing the lines {a, x0, yo}, 
(a, xi, Yil, Ia9 3, Yj), {x9 xi9 Yjl9 where either x0, xi, 9 E A and yo, yi, yj ED, or 
x0, q, 3 E D and yo, yi, yj E A ; indeed the remark in 1 shows that no line of size 3 
is contained in a cycle of length 11, which implies that neither {xg, q, 3) nor 
{ yo, yi, yi) are lines. The three distances fi, *j, *(i - j) between the points of D 
belonging to the same plane of top a are pairwise distinct. Indeed, if j (resp. 
ifi-j, j#j-i)isobviousandifi=-j(resp.i=j-i,j=i-j),thencu-‘(x,,xi)= 
(3, x0) (resp. cyi(xo, q) = (4, xi), (Y’(x~, 3) = (3, yi)) would be a line of size 3, which 
is not true. Moreover at least two of these three distances are distances between 
non adjacent points of D. By considering the planes of top b (resp. c), we get 
similar results. 
This proves in particular that there are 3 lines of size 3, say L, L’, L”, which are 
contained respectively in D U A, D U B, D U C. Let us prove that at least one of 
these lines contains only one point of D. Suppose, on the contrary, that each of 
the lines L, L’, L” contains two points of the cycle D and let Si (i = 1, . . . ,5) 
denote the 5 distances between the points of D. Let S1 (resp. &, 6,) be the 
distance between the two points of L n D (resp. L’ n D, L” n D). Obviously, these 
three distances are distinct. Then the three distances between the points in a same 
plane of top a (resp. b and c) are &, &, S5 (resp. &, S4, a5 and &, &,, 6,). But 
there is a relation between the distances determined by three points, and so 
S1=&+S5 or &-S5, 
S,=&+S, or S4--S5, 
S3=S4+S5 or 6,-S,. 
It follows that S1, &, a3 cannot be 3 distinct distances, a contradiction. 
3.3. There is no line of 3 points contained in the union of two of the cycles A, B, C. 
We already know that no line of 3 points is contained in a cycle of length 11. 
Suppose that there is a line of 3 points contained in the union of two of the cycles 
A, B, C. Without any loss of generality, we may assume that this line is {a,, a,, bj}. 
The point c is non-adjacent to each of the three points of this line, which is 
impossible in a plane isomorphic to 7rl. 
Thanks to 3.2, we know that one of the lines L, L’, L” contains only one point 
of the cycle D. We may assume that so is the line L. This implies that the three 
distances &, &, s3 between the points of D lying in a plane of top a are distances 
between non adjacent points of D. 
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Let *j# &, &, &. The top of the plane (a, do, 4) cannot be a, and so it must be 
a,, a,, do or 4. Let us show that it is do or 4. The line (ao, q) has no point in 
common with D. Indeed, if on the contrary (ao, q) 0 D = {d}, a would belong to 
the three lines of 3 points (a, do), (a, q), (a, 4) contained in this plane and would 
therefore be the top of this plane. (a,, q) has no point in common with A, B or C 
thanks to 3.3, and (ao, q) has no fixed point thanks to 3.1. Thus (a,, %) has only 
two points and the top of the plane (a, do, 4) is either do or a$ which means that 
(do, 4) is a line of size 3. The third point of (do, 4) cannot be fixed and cannot 
belong to D or A (otherwise a would belong to three lines of 3 points and would- 
therefore be the top of the plane (a, do, 4)). It follows that the third point of 
(do, 4) belongs to B or to C. We may assume that (do, 4) = {do, 4, &} for a 
certain k. 
The 11 planes whose top is b are the 11 images of the plane (do, 4, b) by the 
various powers of a. Since ??j# &, S2, S3, at least one of the three distances 
&, S2, S3 is distinct from the three distances *i, fk and *(k -j), let n denote this 
distance. So do and d, are non adjacent and the top of the plane (b, do, d,,) cannot 
be b or do or 4, therefore (b,, b,) is a line of size 3. By 3.1, the third point of this 
line cannot be fixed by a! and, by 3.3, it cannot belong to A, B or C. Therefore it 
must belong to D; let us denote it by &. Then b is on the three lines of 3 points 
(b, do), (b, d;l), (b, d,,,) and is the top of (b, do, d,,), a contradiction. 
This proves that a rrl-space has no automorphism consisting of 4 cycles of 
length 11 and 3 fixed points. 
4. Suppose that ar has 9 cycles of length 5 
We know that the set F of fixed points of a! is a line of size 2. Let x be a point 
of F. The number of lines of size 3 not invariant by (Y and containing x is 12, 
which is not divisible by 5. This contradicts the fact that cx is of order 5. 
5. Suppose that cz has 8 cycles of length 5 
Then F is a plane. The number of lines of size 3 not invariant by ar and 
containing the top of the plane F is 12 - 3 = 9, which is not divisible by 5, a 
contradiction. 
6. Suppose that (Y has 15 cycles of length 3 
Then F is a line {a, b} of size 2. Note first that the points do, dI, d2 of a cycle of 
length 3 are either collinear or pairwise non-adjacent, since otherwise (Y would 
leave the plane (do, dI, d2) invariant and induce in it an automorphism (distinct 
from the identity) permuting cyclically 3 points among which only two are 
adjacent, which is impossible. 
The point a is on exactly 12 lines of size 3 and 22 lines of size 2. We conclude 
that a is joined to 8 cycles of length 3 by lines of size 3 and to 7 cycles of length 3 
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(denoted by Ci with i = 1, . . . ,7) by lines of size 2. The three points of a cycle C 
cannot be collinear, otherwise the plane generated by u and this line would 
contain a point non-adjacent to each of the three points of a line, a situation which 
does not occur in 7~~. Thus every cycle Ci contains 3 lines of size 2. 
The planes generated by the (non-collinear) points of a cycle Ci are invariant by 
by cx and the unique top of each of these planes is fixed. If a belongs to such a 
plane, a would be on 3 lines of size 2 in this plane, and so could not be the top of 
this plane. Therefore each of these planes contains 6 (the top) as well as the 
points of Ci and a line of size 3 invariant by (Y. Since the cycles Ci are pair-wise 
disjoint, this implies that b is on at least 21> 12 lines of 3 points, a contradiction, 
7. Suppose that CY is an involution 
We must rule out the cases: 
- F is a point and (Y has 23 cycles of length 2. 
- F is a line of size 3 and cy has 22 cycles of length 2. 
-F is a plane and (Y has 20 cycles of length 2. 
Suppose that there is a fixed point belonging to two lines L1 and L2 of size 3 
invariant (but not fixed) by ar. Since the plane (L,, L2) is isomorphic to ml, it 
contains a line L of size 3 intersecting L1 U L2 in two distinct points and, since it is 
invariant by LY, it contains the image a(L) of this line, which intersects also 
L1 U L2 in two distinct points, different from the two preceding ones. Whether or 
not the lines L and a(L) intersect, this plane contains at least 5 points belonging 
to at least two lines of size 3, which is impossible in nl. 
We conclude that a fixed point belongs to at most one line of 3 points invariant 
(but not fixed) by cy. Since cu has at least 20 cycles of length 2, since F has at most 
7 points and since the lines containing two points of the same cycle are either lines 
of size 2 or lines of size 3 whose third point is fixed by (Y, there are at least 13 
cycles which are lines of size 2. 
The only automorphisms of order 2 of ml fix a line through the top and 
permute the other two lines through the top. Thus a plane of S invariant (but not 
fixed) by (Y contains only one cycle whose points form a line. On the other hand, 
such a cycle and a fixed point generate a plane invariant (but not fixed) by (Y. So 
every fixed point belongs to at least 13 distinct planes invariant by (Y, in which this 
fixed point is on a line consisting of 3 fixed points. Therefore the case where F is 
reduced to a single point is ruled out. It follows that there is a point lying on only 
one line of size 3 contained in F and that this line is contained in at least 13 
distinct planes invariant by (Y. This contradicts the fact that every line of size 3 of 
S is contained in exactly (47 - 3)/(7 - 3) = 11 distinct planes, which ends the proof. 
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